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&C[ Abstract. We show some characterizations of hyperspheres in the (n+l)-dimensional 

Euclidean space E n+1 with intrinsic and extrinsic properties such as the n-dimensional 
area of the sections cut off by hypcrplanes, the (n + l)-dimcnsional volume of regions 
between parallel hypcrplanes, and the n-dimensional surface area of regions between 
parallel hypcrplanes. We also establish two characterizations of elliptic paraboloids 
in the (n + l)-dimensional Euclidean space E™ +1 with the n-dimensional area of the 
sections cut off by hypcrplanes and the (n+ l)-dimensional volume of regions between 
parallel hypcrplanes. For further study, we suggest a few open problems. 



1. Introduction 

Let S n (a) be a hypersphere with radius a in the Euclidean space E n+1 . For a fixed 
point p G S n (a) and for a sufficiently small t > 0, let's denote by $ a hyperplane 
parallel to the tangent space \l/ of S n (a) at p with distance t which intersects S n (a). 

We denote by A p (t),V p (t) and S p (t) the n-dimensional area of the section in $ 
enclosed by $ Pi S n (a), the (n + l)-dimensional volume of the region bounded by the 
sphere and the plane $ and the n-dimensional surface area of the region of S n (a) 
between the two planes $ and respectively. 

Then, for a sufficiently small t > 0, we can have the following properties of the sphere 
S n (a). 

(A): The n-dimensional area A p (t) of the section is independent of the point p. 
(V): The n- dimensional volume V p (t) of the region is independent of the point p. 
(S): The n-dimensional surface area S p (t) of the region is independent of the point p. 
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If n = 2, Archimedes proved that S p (t) = 2nat holds for S 2 (a) ([H], p. 78). For a 
differential geometric proof, see Archimedes' Theorem ([8], pp. 116-118). 

Conversely, it is natural to ask the following question: 

Question 1. "Are there any other hypersurfaces in Euclidean space which satisfy the 
above properties?" 

For the case of n = 2 about the property (S), the authors answered negatively as 
follows (0) (See also and [10].): 

Proposition 2. Let M be a closed and convex surface in the 3-dimensional Euclidean 
space E 3 . Suppose that M satisfies the condition: 
(S) S p (t) = (pit), which depends only on t. 
Then M is a round sphere. 

In this article, first, we study convex hypersurfaces M in the (n + 1) -dimensional 
Euclidean space E n+1 which satisfy the above mentioned properties. For a point p G 
M C E n+1 , A p (t), V p (t) and S p (t) are defined as above. 

In Section 3, as a result, we prove the following: 

Theorem 3. Let M be a complete and convex hypersurface in the (n + l)-dimensional 
Euclidean space E n+1 . Suppose that M satisfies one of the following conditions. 

(A): The n-dimensional area A p (t) of the section is independent of the point p G M. 
(V): The (n + l)-dimensional volume V p (t) of the region is independent of the point 
pe M. 

(S): The n-dimensional surface area S p (t) of the region is independent of the point 
peM. 

Then the hypersurface M is a round hypersphere S n (a). 

Second, suppose that M is a smooth convex hypersurface in the (n + l)-dimensional 
Euclidean space E n+1 defined by the graph of a convex function / : W 1 — > R. For a 
fixed point p = (x, f{x)) G M and for a real number k > 0, consider a hyperplane $ 
through v = (x, f(x) + k) which is parallel to the tangent hyperplane ^ of M at p. 

We denote by A*(k), V*{k) and S*{k) the n-dimensional area of the section in $ 
enclosed by $ D M, the (n + l)-dimensional volume of the region bounded by M and 
the hyperplane and the n-dimensional surface area of the region of M between the 
two hyperplanes $ and respectively. 

For elliptic paraboloids, in [5] the authors proved the following. 

Proposition 4. Let M be a smooth convex hypersurface in the (n + l)-dimensional 
Euclidean space E n+1 defined by the graph of a convex function / : R" — > R. Then M 
is an elliptic paraboloid if and only if it satisfies the following condition: 
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(L): The (n + l)-dimensional volume V* (k) is ak^ n+2 ^ 2 for some constant a which 
depends only on the hypersurface M. 

In Section 3, we generalize Proposition 4 as follows. 

Theorem 5. Let M be a smooth convex hypersurface in the (n + l)-dimensional 
Euclidean space E n+1 defined by the graph of a convex function / : W 1 — > K. Then M 
is an elliptic paraboloid if and only if it satisfies one of the following conditions: 

(V*): V*(k) is a nonnegative function <p(k), which depends only on k. 
(A*): A*(k)/W(p) is a nonnegative function ip(k), which depends only on k. 

Here, we denote p = (x, f(x)) and W(p) = a/1 + | V/(x)| 2 , where V/ is the gradient 
of/. 

In view of the conditions in Theorem 5, it is reasonable to ask the following question. 

Question 6. Which hypersurfaces satisfy the following condition (S 1 *)? 
{S*): S*(k)/W(p) is a nonnegative function r](k), which depends only on k. 

Finally, using harmonic function theory (p]), we answer Question 6 negatively as 
follows. 

Theorem 7. Let M be a smooth convex hypersurface in the (n + l)-dimensional 
Euclidean space E n+1 defined by the graph of a convex function / : K n — > 1L Then M 
does not satisfy condition (S*). 

In this paper, in order to prove our theorems, we prove a lemma (Lemma 8), ex- 
tending a lemma in [5], about a new meaning of Gauss-Kronecker curvature K(p) of 
convex hypersurface M at a point peMin three ways. 

We now state some questions for further study as follows. 

Question A. Let M be a convex (not complete) hypersurface in the (n+l)-dimensional 
Euclidean space E n+1 . Suppose that M satisfies one of the conditions in Theorem 3. 
Then, is it an open part of a round hypersphere S n (a)7 

An elliptic paraboloid satisfies the following conditions. For a proof, see the proof 
of Theorem 5, which is given in Section 3. 
(V**): V p {t) = C{p)& l+2 V 2 , where C(p) is a function of p G M. 
(A**): Ap(t) = D(p)t n ' 2 , where D(p) is a function of p e M. 

Due to (2.5), the above two conditions are equivalent. 

Question B. Let M be a complete and convex hypersurface in the (n + l)-dimensional 
Euclidean space E n+1 , which is not necessarily a graph of a function. Suppose that M 
satisfies the condition (V**). Then, is it an elliptic paraboloid? 
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For n = 1, Question A is true because the plane curvature is a nonzero constant. In 
[6], the authors answered Question B for n — 1, affirmatively. 

Throughout this article, all objects are smooth and connected, otherwise mentioned. 

2. Preliminaries 

Suppose that M is a smooth convex hypersurface in the (n+l)-dimensional Euclidean 
space E n+1 . For a fixed point p G M and for a sufficiently small t > 0, consider a 
hyperplane $ parallel to the tangent hyperplane f of M at p with distance t which 
intersects M. 

We denote by A p (t),V p (t) and S p (t) the n- dimensional area of the section in $ 
enclosed by $ fl M, the (n + l)-dimensional volume of the region bounded by the 
hypersurface and the hyperplane $ and the n- dimensional surface area of the region of 
M between the two hyperplanes $ and respectively. 

Now, we may introduce a coordinate system (x, z) = (xi, X2, • ■ ■ , x n , z) of E n+1 with 
the origin p, the tangent space of M at p is the hyperplane z — 0. Furthermore, we 
may assume that M is locally the graph of a non-negative convex function / : M. n — > R. 

Then, for a sufficiently small t > we have 



A p (t) = / / Idx, (2.1) 

JJf(x)<t 

V P (t)= [[ {t-f(x)}dx (2.2) 

J Jf(x)<t 



>f(x)<t 

and 

= // s/l + Wffdx, (2.3) 

JJf(x)<t 

where x = {x\, x 2 , ■ ■ ■ , x n ), dx = dx\dx 2 • • ■ dx n and V/ denotes the gradient vector of 
the function /. 

Note that we also have 



V P {t) = I {t- f(x)}dx 

;/ W< ' (2-4) 
{ / / ldxjdz. 

I z =0 JJf(x)<z 

Hence, together with the fundamental theorem of calculus, (2.4) shows that 



First of all, we prove 



V;(t) = ldx = A p (t). (2.5) 

'/(*)<* 
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Lemma 8. Suppose that the Gauss-Kronecker curvature K(p) of M at p is positive 
with respect to the upward unit normal to M. Then we have the following: 

1) 

lim^A p (t) = ^£^, (2.6) 

*-o(V*) B Vk(p) 

2) 

faa* V p (t) = (2.7) 

3) 

hm^S p (t) = ^£^, (2.8) 
where u n denotes the volume of the n-dimensional unit ball. 

Proof. We denote by x the column vector (xi,X2, • ■ ■ ,XnY- Then for a symmetric 
n x n matrix A, we have from the Taylor's formula of f(x) as follows: 

f(x) = x t Ax + f 3 (x), (2.9) 

where fz{x) is an 0(|x| 3 ) function. Then the Hessian matrix of / at the origin is given 
by D 2 f(0) = 2 A. Hence, for the upward unit normal to M we have 

K(p) = detD 2 f(0) = 2™ det A. (2.10) 

By the assumption, we see that every eigenvalue of A is positive. Thus, there exists a 
nonsingular symmetric matrix B satisfying 

A = B t B, (2.11) 

where B l denotes the transpose of B. Therefore, we obtain 

f(x) = \Bx\ 2 + f 3 (x). (2.12) 

We consider the decomposition of S p (t) as follows: 

S p (t) = A p (t)+N p (t), (2.13) 

where 

Mt) = II ldx (2.1) 

JJf(x)<t 

and 

N P (t) =11 (Vl + IWI 2 - l)dx. (2.14) 

JJf(x)<t 

First, we show (2.6) as follows. We let t = e 2 and x = ey. Then (2.1) gives 

-Ap{t) = [[ ldx=[[ ldy, (2.15) 



{Vt) n (Vt) n JJf(x)<t JJ\By\2+eg s (y)<l 
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where g^{y) is an 0(|y| 3 ) function. As e — > 0, it follows from (2.15) that 

^jh Mt)= ILj iy - (216) 



(Vty 

If we let w = By, then from (2.16) we get 



lim— ^— AJt) = , - 1 - / / ldw = , ^" , . (2.17) 
^o(v^)n pU |detS|7y H <i Idetfil 1 j 

Hence, it follows from (2.10) and (2.11) that (2.6) holds. 

Together with (2.5) and (2.6), L'Hospital's rule implies (2.7). 
In order to prove (2.8), it suffices to show that 

hm—=-N p {t) = Q. (2.18) 

Note that the following inequality holds 

N p (t) <\ff \Vf\ 2 dx. (2.19) 

^ JJf{x)<t 

The function / satisfies 

\Vf(x)\ 2 = 4\Ax\ 2 + h 2 (x), (2.20) 

where hi{z) is an 0(|x| 2 ) function. Thus, there exists a positive constant C satisfying 
in a neighborhood of the origin 

|V/(x)| 2 < C|x| 2 . (2.21) 

In the same argument as above, putting t = e 2 and x = ey, it follows from (2.19) 
and (2.21) that 

A^N p (t) < °f I! \y\ 2 dy. (2.22) 

{Vt) n * J J\By\ 2 +eg 3 (y)<l 

Since the integral of the right side in (2.22) tends to a constant as e — > 0, by letting 
t -»■ in (2.22), we get (2.18). Together with (2.6) and (2.13), (2.18) shows that (2.7) 
holds. This completes the proof. □ 



3. Proofs of theorems 



In this section, first, we prove Theorem 3. 

Let M be a complete and convex hypersurface in the (n + l)-dimensional Euclidean 
space E n+1 . Then the Gauss-Kronecker curvature K(p) of M with respect to the inward 
unit normal to M is nonnegative and positive somewhere. 

Suppose that M satisfies one of the conditions in Theorem 3. Then Lemma 8 shows 
that the Gauss-Kronecker curvature K(jp) is constant on the nonempty open set Q = 
{p G M\K(p) > 0}. Hence the continuity of K implies that Q = M, that is, K(jp) is 
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constant on M. Thus, it follows from Theorem 7.1 in [9] or the main theorem in [3] 
that M is a round hypersphere. 
The converse is obvious. 



Second, we give a proof of Theorem 5. 

Suppose that M is a smooth convex hypersurface in the (n+l)-dimensional Euclidean 
space E n+1 defined by the graph of a convex function / : IR n — > JR.. We fix a point 
p = (x,f(x)) in M. For a positive constant k, consider a hyperplane $ through 
v = (x,f(x) + k), which is parallel to the tangent hyperplane \& to M at p. Let 
W{x) = y/l + |V/(x)| 2 . Then for a constant t with k = tW, we have V*(k) = V p (t), 
A;(k) = Ap(t) and S* p (k) = S p (t). 

1) The condition (V*) shows that V p (t) = 4>(k), which is independent of p £ M. Hence 
we have 

V P (t) Hk) 



Thus, Lemma 8 implies that 



W0 n+ '. (3.1) 



<P(k) ri ,- (n+ 2V2, : „ V p (t) (y/2) 



n+2 



fc^O (v^)n+2 t->0 (v^)«+2 („ + 2)y/K{p) 

If we denote by a the limit of the left side of (3.2), which is independent of p, then we 
have 

2 n + 2 UJ 2 

K{V) = a 2 (n + 2)W(x)"+ 2 ' (3 ' 3) 
Since the Gauss-Kronecker curvature K(p) of M at p is given by ([12], p. 93) 

det£ 2 /(x) ( } 

A W W n + 2 ' 

it follows from (3.3) that the determinant det D 2 f(x) of the Hessian of f(x) is a positive 
constant. The continuity of det D 2 f(x) shows that it is a positive constant on the whole 
space M n . Thus f(x) is a globally defined quadratic polynomial ([HE]), and hence M 
is an elliptic paraboloid. 

2) The condition (A*) shows that A p (k)/W(p) = ip(k), which is independent of p £ M. 
Hence we have 

Thus, Lemma 8 implies that 



WO (3.5) 



l im J^L = W -(n+2)/2 Um Ml = (_V^Un w _ {n+2)/2 _ 



s 
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If we denote by (3 the limit of the left side of (3.6), which is independent of p, then we 
have 

on. .2 

A'M = pw&X- (3-7) 
Hence, as in the proof of Case 1), we see that M is an elliptic paraboloid. 
This completes the proof of the if part of Theorem 5. 

Conversely, consider an elliptic paraboloid M : z = f{x) = E™ =1 a?xf,aj > 0, a 
tangent hyperplane $ to M at a fixed point p = (x, z) G M , a hyperplane $ through 
v = (x, z + k), k > which is parallel to the tangent hyperplane $ of M at p. Then 
the proof of Theorem 5 of [5] shows that 

V;(k)=a n k^\ a n = J"*- 1 , (3.8) 

v n[n + 2)aia 2 ■ ■ ■ a n 

where a n _i denotes the surface area of the (n — l)-dimensional unit sphere. Since 
V*(k) = V p (t) with k = tW, we get 

V p (t) = a n W{pf n+2 ^H^I 2 . (3.9) 
Hence, it follows from (2.5) that 



and 



A p (t) = n -^a n W{p)^lH^ (3.10) 

A* p (k) = ^a n W(p)k n / 2 . (3.11) 

Thus, (3.8) and (3.11) show that an elliptic paraboloid M satisfies conditions (V*) and 
(A*) in Theorem 5, respectively. 

This completes the proof of the only if part of Theorem 5. 

Finally, we prove Theorem 7. 

Suppose that a smooth convex hypersurface M in the (n + l)-dimensional Euclidean 
space E n+1 defined by the graph of a convex function / : MJ 1 — > R satisfies the condition 
(S*). Then, as in the proof of Theorem 5, we can prove that M is an elliptic paraboloid 
given by z = f(x) = E? =1 a 2 x?, <n > 0. 

Consider a hyperplane $ intersecting M, a point p = (pi,-- - ,p n , S" =1 a?pf) G M 
where the tangent hyperplane ^ of M is parallel to $, and a point v where the line 
through p parallel to the z-axis meets $ with \ \p — v\ \ = k. Then we have the following. 

$ : z = 2a\piXi H h 2a 2 n p n x n - {a\p\ H h a 2 n p 2 n ) + k, 

S* p (k)= [ W(x)dx, (3.12) 

JD p (k) 

D p {k) : T^ =1 a 2 (xi - p t ) 2 < k, 
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where W(x) = a/1 + S^ =1 4a^ 2 . 

By the linear transformation jji = aiXi, i — 1, 2, • • ■ , n, we obtain 



S* p (k) = / V(y)dy, 

a^-'-On J Bq (Vk) (3.13) 

B q (Vk):Xti(yi-Qi) 2 <k, 



where V(y) = a/1 + 4£™ =1 a 2 ?/ 2 and g = (aipi, • • • , a n p n ). 

Since M satisfies the condition (S*) with W(p) = V(q), by letting r = \/&, it follows 
from (3.13) that V(y) satisfies the following. 

/ V{y)dy = V(q)g{r), qeR n ,r>0, (3.14) 

JB q (r) 

where B q (r) = {y \ \y — q\ < r} is the ball of radius r centered at q and g(r) is a function 
of r. 

For a function g = g(r),r > 0, we denote by C g the set of all functions / : lR n — > M 
satisfying (3.14). Then, it is straightforward to show the following ([I]). 

Lemma 9. The set C7 9 satisfies the following. 

1) If g(r) is the volume u n r n of B q (r) for sufficiently small r > 0, then C g is the set of 
all harmonic functions on R n . 

2) If a positive function in C g has a local maximum (local minimum, respectively), 
then g(r) < u n r n (g(r) > u n r n , respectively) for sufficiently small r > 0. 

3) If / G C g , then every partial derivative of / also belongs to C g . 

4) Every linear combination of functions in C g also belongs to C g . 

In order to complete the proof of Theorem 7, we use Lemma 9 as follows. By 
differentiating, we have 

V^Aal {V2 -^\ i = l,2,.-.,n, (3-15) 
where V{ means the i-th partial derivative of V, etc.. Hence, we get 

U= = ,, 16) 

which is again an element of C g . 

Note that V has a strict minimum V(0) = 1 and U has a strict maximum U (0) = n. 
Thus, we see that g(r) = u n r n , and hence that V is harmonic. This is a contradiction by 
the maximum principle of harmonic functions, which completes the proof of Theorem 
7. 
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